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We study the spin transport phenomena in two-dimensional graphene-like materials with arbitrary tilted Dirac
cones. The tilt arises due to next-nearest hopping when the bottom of the conduction band and top of the
valence band does not simultaneously coincide at Dirac point. We consider normal-ferromagnetic-normal (N-
F-N) junction of the materials and using the generalized scattering approach calculate the spin current. Here,
we show that tilting the Dirac cones can strongly change the transport properties by modifying the period of
oscillation of the spin current. The spin conductance can be effectively tuned by the tilt with taking advantage
of the modified interference condition. A pure spin current reversal also possible with a smooth variation of
the tilting. We further study the spin current by the adiabatic precession of a doped ferromagnet on top of the
material. It is shown that the spin-mixing conductance and hence the spin current can become zero by turning
the tilt of the Dirac cone. Our findings provide an efficient way towards high controllability of spin transport by
tuning the tilt of the ferromagnetic junction and can be very useful in the field of spintronics. The model also
presents a simplified way to measure the tilt of Dirac cone of those materials.
PACS numbers:
I. INTRODUCTION
The generation and control of pure spin current are the most
challenging issue in the field of spintronics1–3. The essential
condition for the spin current transport is the net transfer of
spin angular momentum which occurs due to nonequilibrium
imbalance between the spin density of the two spin compo-
nents. In the last few years, plenty of models have been pro-
posed and implemented to control the spin current in ferro-
magnetic graphene, e.g., by gate voltage4,5, strain6–9, optical
irradiation10,11 etc. Although the neutral graphene is origi-
nally non-magnetic, the proximity effect permits it to be fer-
romagnetic. The exchange coupling in it can be tuned by the
in-plane external electric field12and thus has huge applications
in controlling the spin transport.
Spin injection into various nonmagnetic devices and spin
pumping by time-dependent external parameters also consti-
tute another important avenue of spintronics. In recent years,
several studies have been done both theoretically and exper-
imentally on the electrical spin injection in topological insu-
lator, semiconductors13–18, spin hall effect19–21, adiabatic spin
pumping via time-dependent gate voltage22, etc. However,
it is shown that the resulting spin conductance is relatively
small due to conductance mismatch problem and thus requires
high-quality tunnel barrier to overcome the issue23,24. It is also
possible to generate pure spin current by pumping via a ferro-
magnetic junction with rotating magnetization25–29. The spin
current generated by the adiabatic precession of magnetiza-
tion vector in the ferromagnetic region does not suffer conduc-
tance mismatch problem and it is the source of many physical
phenomena e.g., the spin Seebeck effect30. Another way to
see the one-way spin current was proposed in Ref.(31) very
recently.
Since the discovery, graphene has drawn much attention
in condensed matter physics owing to its rich potential ap-
plications. Grahene has hexagonal lattice structure made
of carbon atoms and its low energy spectrum is described
by pseudo-relativistic Dirac equation. In the first Brillouin
zone (BZ), the eigenenergy has linear dispersion relation
around two inequivalent points K and K ′, known as Dirac
points. In contrast, there are a wider class of Dirac ma-
terials where the low energy effective theory is described
by tilted Dirac cones as in the case for organic materials
α(BEDTTTF )2I3
32, borophene33,34 and in a certain class
of topological insulators35. The Dirac cones of these materials
are seen to be strongly anisotropic and tilted in wave-vector
energy space. The tilted Dirac cone also appear in graphene
by a quinoid-type lattice deformation32,36. The recent devel-
opment of cold atom in an optical lattice allows one to deform
the honeycomb lattice with help of laser intensity and wave-
length to achieve the tilted Dirac cones37,38.
The tilt of the Dirac cone is usually neglected since it
does not affect the topology of the band structure. However,
tilt in the Dirac cone shows many fascinating behaviour in
particular in quantum transport39,40, optical conductivity41,
magnetoplasmons42 and ferromagnetic spin polarization43.
Here, we demonstrate that the tilt leads to clear signature of
quantum spin transport and it can stand as an efficient tuning
parameter other than doping, strain or optical irradiation. Par-
ticularly, we have shown tilt modify the quantum interference
condition in normal/ferromagnet/normal junction resulting in
a spin current reversal. Moreover, we reveal that the spin cur-
rent pumped into two adjacent reservoirs can be controllable
by tilt which leads to the spin valve effect.
II. SPIN TRANSPORT AND EFFECT OF TILT
In the vicinity of a nodal point, a generic Dirac Hamiltonian
with finite tilt along x−direction without anisotropy can be
expressed as40,
H = ~v1kxσ0 + ~v2(kxσx + kyσy) (1)
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2FIG. 1: Tilted Dirac cone vt < 1.
The eigenvalues of the Hamiltonian Eq.(1) lie on the hyper-
boloid sheets E±,
E± = ~v1kx ± ~v2
√
k2x + k
2
y (2)
The ”tilt” term is defined in the rest of the paper as vt =
v1/v2. It is straightforward to show that the eigenfunctions
of Eq.(1) don’t depend on the tilt. So, it leaves the Berry cur-
vature unchanged and hence the topology of band structure.
However, the dependency of eigenenergy, namely, the Fermi
level on tilt plays the important role in quantum transport. For
vt = 0, there is no tilt and we get back the Dirac Hamilto-
nian for graphene-like materials. For finite value of vt, the
Dirac cone has been tilted along the x-direction as illustrated
in Fig.(1). Although, vt can take an arbitrary value in three di-
mensional Dirac materials e.g., Weyl semimetals44but in two
dimensions the value of vt is seen to be less than one. Two
types of fermions (vt < 1 and vt > 1) have attracted much at-
tention due to their unique physical properties45,46. However,
here we concentrate tilt Dirac cone with vt < 1 and leave the
case vt > 1 for future studies.
Here we theoretically investigated spin transport in
two-dimensional normal/ferromagnetic/normal junction of
graphene-like materials. We consider the tilt Dirac cone is
only in the ferromagnetic region. The ferromagnetic part of
these materials can be realized via proximity effect by attach-
ing a magnetic insulator close to them. The estimated induced
exchange field in order of few meV. A gate voltage is attached
to the ferromagnetic region to tune the Fermi level compare to
the normal regions. The junction interfaces are parallel to the
y-axis and located at x = 0 and x = D. Since there is valley
degeneracy, we focus only on the Hamiltonian at the K point.
The Hamiltonian is given by,
H = ~v1kxσ0 + ~v2(kxσx + kyσy)− V (x) (3)
where V (x) = EF in normal region and V (x) = EF + U +
σJ (with σ = ±1) in the ferromagnetic region. We further
consider that the term v1 is finite in the ferromagnetic region
(0 < x < D) and zero otherwise. We choose the velocity
v2 ' 106 m/s i.e. same as Fermi velocity of graphene. EF
is the Fermi energy and U is the gate voltage responsible for
Fermi energy shift in the ferromagnetic region, J is the ex-
change field. The wavefunction in x < 0 region is given by,
ΨI =
(
1
γeiφ
)
eikxx + rσk
(
1
−γe−iφ
)
e−ikxx (4)
in 0 < x < D is reads as,
ΨII = a
σ
k
(
1
γσ1P1
)
eiq
+
x x + bσk
(
1
γσ1P2
)
eiq
−
x x (5)
and for x > D is
ΨIII = t
σ
k
(
1
γeiφ
)
eikxx (6)
where φ denotes the angle of incidence with respect to the
barrier, kx = (|EF |/~vF ) cosφ, ky = (|EF |/~vF ) sinφ and
γ = Sign(E). γσ1 = Sign[(E + EF + U + σJ)], P1,2 =
(qx+,− + iqy)/
√
q2x,+,− + q2y where the expression of qx± is
given,
q±x =
1
~v2
[α1 ∓ α2] (7)
and
α1 =
vt(E + EF + U + σJ)
(v2t − 1)
α2 =
√
(E + EF + U + σJ)2 + (v2t − 1)~2v22q2y
(v2t − 1)
(8)
Note that, we get back the solutions for normal graphene in the
limit vt = 04. Because of the translational symmetry in the
y-direction, the momentum parallel to the y-axis is conserved.
Now matching the wave function at the interface at x = 0 and
x = D, we obtain the transmission coefficient given by,
tσ(Φ) =
cosφ(P1 − P2)Exp[iα1D~v2 ]
Xσ
(9)
where,
Xσ = (P1 − P2) cosφ cos θ − (P1 + P2) sinφ sin θ
+iγγσ1 sin θ(1− P1P2) (10)
with θ = α2D/~v2. Then the dimensionless spin-resolved
conductances Gσ are given by,
Gσ =
1
2
∫ pi/2
−pi/2
dφ cosφ|tσ(φ)|2 (11)
The spin conductance is defined as Gs = Gσ=+1 − Gσ=−1.
Here we focus on the zero-bias condition i.e., E = 0. We de-
fine here χ1 = UD/~v2, χ2 = JD/~v2 and kf = EF /~v2.
In the limitU+σJ >> EF , we can write θ = χσ = χ1+σχ2
for vt = 0 and the transmission coefficient Eq.(9) simplifies
3FIG. 2: Spin conductance (G↑,G↓) as a function of χ1 for two differ-
ent values of vt. The other parameters are χ2 = pi/4 and kFD = 0.
FIG. 3: Spin conductance (Gs) as a function of χ1 and χ2 for two
different values of vt. We fix χ2 = pi/4 and χ1 = pi/4 respectively.
The value of kFD is zero.
in absence of tilt is given by4,
tσ ' cosφe
−ikxD
cosχσ cosφ− iγγσ1 sinχσ
(12)
We first discuss spin transport in the absence of tilt in the
Dirac cone. From Eq.(12), it is clear that the transmission co-
efficient Tσ reaches its maximum (unity) at χσ = npi (since
the Fermi level resides close to the Dirac point of one spin
subband and maximize the transport of other spin component
and vice versa) and becomes minimum at χσ = (2n+ 1)pi/2.
We expect pi periodicities of spin conductances G↑ and G↓
with χσ or gate voltage χ1 as seen in Fig.(2). The spin con-
ductances G↑,↓ also show maximum and minimum values of
1 and 2/3 respectively at χ↑,↓ = npi and (2n + 1)pi/2. The
phase difference between the two spin conductances G↑,↓ is
χ↑ − χ↓ = 2χ2. The spin conductance Gs become large in
magnitude (±1/3) at those values of χ1 for which G↑ and G↓
become maximum and minimum respectively or vice versa.
Such events only occur when the following condition is satis-
fied: 2χ2 = (2n + 1)pi/2 (i.e., J/EF = (2n + 1)pi/4kFD).
We choose the parameter χ2 = pi/4 in the left part of Fig.(3)
and it is seen that the spin conductance Gs has a maximum
and minimum value of 1/3 and−1/3 and a pi periodicity with
χ1
4. A similar behavior of spin conductance with proximity
strength (χ2) also seen in the right part of Fig.(3). However,
for large value of kF (EF & (U ± J)), the pi periodicity is
broken (not shown). Note that, since χ1 = kFUD/EF , the pi
periodicity can be recovered again for large value of D.
For finite tilt in the Dirac cone, the quantum interference
condition discussed above gets modified due to the finite value
of vt in Eq.(8). The transmission coefficient Tσ has a maxi-
mum (= 1) and minimum value at χσ = npi(1 − v2t ) and
(2n + 1)pi(1 − v2t )/2 respectively. The periodicity of spin
FIG. 4: Spin conductance (Gs) as a function of tilt parameter vt.
We fix the parameter χ2 = pi/4 and kFD = 0. In the upper plot,
we choose the value of χ1 is pi/2 and pi. The spin conductance has
zero value at these value of χ1 in untilted case. In the lower plot, we
choose the value of χ1 is pi/4 and 3pi/4. The spin conductance has
maximum magnitude at these value of χ1 in untilted case.
FIG. 5: Density plot of spin conductance (Gs) as a function of vt and
kFD. The other parameters are χ2 = pi/4 and χ1 = pi/2.
conductances G↑,↓ is now pi(1 − v2t ) shown in Fig.(2) and
in Fig.(3). The phase difference between G↑ and G↓ is now
2JkFD/EF (1 − v2t ) and we expect a large (i.e., ±1/3) spin
conductance Gs at χ2 = (2n + 1)(1 − v2t )2pi/4 (i.e. at
J/EF = (2n + 1)pi(1 − v2t )2/4kFD). One can use the ex-
pression to measure the possible value of tilt in the Dirac cone.
It is clear that for a fixed value of gate voltage χ1, proximity
strength χ2 and Fermi energy kFD, the phase of the spin con-
ductance can itself be tuned by vt. Particularly, our interest
is on the behavior of spin conductance at fixed values of χ1
and χ2, where it takes zero and maximum (±1/3) values for
vt = 0, with tilt. In the upper plot of Fig.(4), we choose
χ2 = pi/4 and plot the spin conductance (Gs) with tilt (vt)
for χ1 = pi/2 and pi respectively. Note that, the spin conduc-
tance for untilted Dirac cone has zero value at these values of
χ1 and χ2 (see Fig.(3)). It is shown that with a smooth vari-
4FIG. 6: Density plot of spin conductance (Gs) as a function of χ1
and χ2 for vt = 0 and vt = 0.5 respectively. We fix kFD = 0.01.
ation of tilt the spin conductance can be tuned from zero to
its maximum value (±1/3). In the lower plot of Fig.(4), we
choose χ2 = pi/4 and plot the spin conductance (Gs) with
tilt (vt) for χ1 = pi/4 and 3pi/4 respectively. The spin con-
ductance for untilted Dirac cone has maximum magnitude at
these values of χ1 and χ2 (see Fig.(3)). The spin conductance
can be tuned from its maximum values to zero with a smooth
variation of tilt. In Fig(4) it is also shown that a pure spin
current reversal is possible with tilt even for zero and maxi-
mum values (for vt = 0) of spin conductance. However, the
tuning of spin conductance and its sign changes with tilt can
occur with any others suitable choice of gate voltage (χ1),
proximity strength (χ2) and Fermi energy (EF ) (not shown).
The observed phenomena can be explained as follows. The
finite value of tilt modifies the barrier strength and proximity
coupling (see Eq(9)). An electron scattered from the ferro-
magnetic region experiences a different potential barrier for
the spin up and spin down and hence acquire a phase shift4,5.
With the smooth variation of tilt the acquire phase shift be-
tween G↑ and G↓ can be in or out of phase which steers the
spin current reversal.
Figure(5) displays density plot ofGs as a function of vt and
kFD for a fixed value of gate voltage χ1 = pi/2 and proxim-
ity strength χ2 = pi/4. It shows that the spin current reversal
can occur with variation of tilt (vt) and Fermi energy (EF ).
We check that the charge conductance G↑ +G↓ is positive in
the entire range of vt in Fig.(4) and in Fig(5). So, the spin cur-
rent reversal occur here is not accompanied by charge current
reversal.
Figure(6) displays density plot of Gs as a function of χ1
and χ2 without tilt (vt = 0) and with tilt (vt = 0.5). Gs has
a pi periodicity with χ2 for vt = 0 (Here we choose kFD =
0.01). However for finite tilt, the pi periodicity is broken and it
depends on vt as we discussed before. In the next section we
discuss the effect of tilt on the quantum spin pumping current.
III. QUANTUM SPIN PUMP: EFFECT OF TILT
The model setup for spin pumping consists of ferromag-
netic region sandwich between two normal parts which act
as reservoirs. We consider tilted Dirac cone in the ferromag-
netic part as before. An additional metallic gate voltage is at-
tached to the ferromagnetic part to tune the Fermi level of the
electron relative to the normal regions. When magnetization
vector ~m(t) in ferromagnetic region starts precessing (under
influence of an applied magnetic field) with an adiabatic fre-
quency ω, a pure spin current (both ac and dc components)
can be produced without any charge current. This pump cur-
rent depends on the complex-valued parameter g = gr + igi
and is given by,27,28
Ipumps =
~
4pi
(gr ~m× d~m
dt
− gi d~m
dt
) (13)
where g depends on the scattering matrix of the ferromagnetic
film and is expressed as,
g =
∑
nn′
[δnn′ − r↑nn′(r↓nn′)∗]− t
′↑
nn′(t
′↓
nn′)
∗ (14)
where r↑nn′(r
↓
nn′) is a reflection coefficient for spin up (down)
electrons on the normal side and t
′↑
nn′(t
′↓
nn′) is a transmission
coefficient for spin up (down) electrons incident on the ferro-
magnetic region from the opposite reservoir28. In absence of
spin-orbit coupling, all matrix are diagonal and Eq.(14) sim-
plifies to27,
g = g0
∫ pi/2
−pi/2
dφ cosφ(1− r↑(φ)[r↓(φ)]∗ − t′↑(φ)[t′↓(φ)]∗)(15)
with g0 = 2kFW/pi (taking both K and K ′ points). Here,
we consider that the magnetization vector rotates in x − z
plane and expressed as ~m(t) = m(xˆ sinωt + zˆ cosωt) (ap-
plied magnetic field along yˆ direction). The instantaneous
spin current pumped into the normal regions,
Ipumps (t) =
~ω
4pi
(m2gryˆ −m cosωtgixˆ+m sinωtgizˆ) (16)
time average becomes
Js =
ω
2pi
∫ 2pi
ω
0
dtIpumps (t) =
~ω
4pi
m2gryˆ (17)
and spin current per unit width is js = Js/W . Here gr is the
real part of g in Eq.(15). The reflection, transmission coeffi-
cient and hence the spin conductance depend on the tilt as we
discussed in the earlier section. Here we focus on the effect of
tilt on the spin mixing conductance in Eq.(15) and as a result
of spin pumping current. Our focus is on the spin pumping
of a weakly magnetized electron gas with slightly different
Fermi surface for up and down spins. The spin coherence
length λ = pi/(k↑F − k↓F ) in general is large for graphene-like
materials in contrast to metallic ferromagnet. Therefore, the
spin mixing transmission can’t be neglected in Eq.(15).
The transmission coefficients is given in Eq.(9) and reflec-
tion coefficient reads,
rσk =
ieiφ sin θ[γγσ1 (e
iφ + P1P2e−iφ)− (P1 + P2)]
Xσk
(18)
Now given rσk and t
k
σ we calculate the spin mixing conduc-
5FIG. 7: Spin current per unit width pumped into the normal region
as a function of the gate voltage V0 and proximity coupling J . The
value of tilted parameter vt is 0 in (a) and 0.6 in (b). The other
parameters are D = 10 nm, EF = 10 meV.
FIG. 8: Spin current per unit width pumped by ferromagnetic top
layer as Figure(8) shows the density plot of spin pumping current
as a function of tilt (vt) and gate voltage (V0).a function of tilted
parameter vt and gate voltage V0. The length of ferromagnetic region
is D = 10nm, EF = 10meV and J = 0.08 eV.
tance Eq.(15) and spin pumping current in Eq(17).
Figure(7) shows the density plot of spin pumping current
as a function of proximity strength (J) and gate voltage (V0)
in absence of tilt (vt = 0) and a finite tilt value (vt = 0.6).
For small splitting (i.e, when the proximity strength J is suffi-
ciently low) we expect the magnitude of Is is negligibly small.
A larger value of J increases the spin pumping current. We
choose a narrow gate width (D = 10nm) such that the spin
coherence length λ is comparable to the length of the ferro-
magnet. The finite tilt enhances the spin pumping current even
for a small value of proximity strength J .
Figure(8) shows the density plot of spin pumping current as
a function of tilt (vt) and gate voltage (V0). Here we choose
J = 0.08eV (i.e., λ ' 13 nm). As the quantum interference
problem get modified in N-F-N junction in presence of tilt, the
pumping current may become zero for a finite vt. Thus the tilt
can lead to a spin valve effect in spin pumping experiment.
IV. CONCLUSIONS
In summary, we have studied the effect of tilt in the Dirac
cone on spin conductance and pump spin current in nor-
mal/ferromagnetic/normal graphene-like material junctions.
The periodicity of oscillation of spin conductance and pump
spin current are modified in presence of tilt in the Dirac cone.
As result, the pure spin current reversal by tuning the tilt is
possible. We also find that the spin pumping current can get
enhanced with tilt even for small proximity strength. The spin
mixing conductance and resulting spin pump current may be-
come zero with the smooth variation of tilt which leads to a
spin valve effect.
We must point out that our focus here is on the ballistic
transport regime, although, we expect that the obtained results
remain qualitatively the same in the diffusive region of trans-
port. Our findings are valid as long as the continuum Dirac
equation is valid. This requires a wide nanoribbon for the ex-
perimental realization. The tilt of the Dirac cone can be tuned
by applying a pressure in a wide class of materials having no
center of spatial inversion symmetry47. Thus it could open a
new route to control the spin current by tilt. Hope, our find-
ings can be verified experimentally in near future. Although,
here we have discussed only the case vt < 1 but we can gen-
eralize this model in type-II case (vt > 1) also. The future
study will be in that directions.
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